Skellam regression in Stata

Vincenzo Verardi
LouRIM, UCLouvain
joint with Catherine Vermandele

Stata Belgian Users Meeting
(Brussels - KULeuven)

September 9, 2025

1/28



Introduction

The Skellam distribution models the difference between two Poisson
variables with possibly different means. It remains valid even if the vari-
ables share an additive component, as this cancels out in the difference.

It is named after British statistician and ecologist John Gordon Skellam
(1914-1979).

It is a generalization of lrwin distribution (see Irwin, 1937) that models
the difference between two independent Poisson random variables that
share the same mean.

Several disciplines, including astronomy, business, and sports, use it to
represent the difference between two counts

A Skellam regression uses Maximum Likelihood to estimate how the
conditional means of the underlying poisson processes are related to a
set of covariates.

In this presentation we show how to write the ML problem and get the
gradient and Hessian for numerical optimization. We then present a Stata

command we coded. )2



Some examples in the literature

The Skellam distribution is often used to model the number of points that
separate two teams in sports such as hockey and soccer.

Kendall (1951) and Dobbie (1961) show that it can also be used in the
problem of taxis and customers coming to a waiting area in different
Poisson flows (i.e. with different rates). The number of taxis waiting is the
(integer) variable of interest. This number can be positive if taxis are
waiting, zero if neither taxis nor customers are waiting, or negative if
customers are waiting.

More recently, Liu and Pelechrinis (2021) look at the case of shared trans-
portation (cars, bikes, etc.). They use a Skellam regression to predict the
difference in overall demand and supply at a particular bike station over
a certain time period.
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Modified Bessel function of the first kind

The Modified Bessel Function of the First Kind arises in many areas of
mathematics and physics. It is denoted by t /x(x). We are only interested
in the case where k € Z and x € RThere. It is defined as:

k) = X m ()™

m=0
where ['(-) is the Gamma function ([(z) = [5"t* e tdt).
If the values of k are integers (as in our setup), /_x(x) = lxk(x) (see

Abramowitz and Stegun 1972, p. 375, 9.6.6). /k(+) can thus be replaced by
li|(+) in the above formula.

Furthermore (see Abramowitz and Stegun 1972, p.376, 9.6.26), for k € Z,
To the best of our knowledge this function is not available in Stata but

we translated (with permission) the C++ code by Moreau (2011) to Mata

(the syntax is almost identical).
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Modified Bessel function of the first kind

X
lo(x) 11(x) l2(x)
13(x) la(x) Is(x)
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Skellam distribution

Let Y; and Y5 be two independent Poisson-distributed random vari-
ables with means py and pp. Then, Y = Y7 — Y5 has a Skellam distribution.
Its probability mass function is given by

k/2
Pr{Y =) = et (B1) 4, o)

where k € Z and where Ii(+) is the modified Bessel function of the first kind.

To guarantee positiveness of 1; and Uy, the probability mass function can
be reparametrized by defining (1 = exp (A1) and pp = exp(A2) and can be
re-written as

Pr{Y =k} = e (1+€2) (Jl—b)k/z o (2V/eh22)

H1i—H2

m and kur-

The mean is ui-po, the variance is Uy +Up, skewness is

1

tosis is 3+ TS
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https://www.desmos.com/calculator/hptcmgo69u
https://www.desmos.com/calculator/5amiwlktgr

Maximum Likelihood estimator

The likelihood function is given by

g(/’tl,)@;kl, k )—HPI’ —k ’ll,;l,g)

. H { M+el2 (ell—kg> % /lkl.l (2 eﬂ,1+12) }

The maximum likelihood estimates A; and A of the two parameters of the
Skellam distribution are solutions of the maximization problem

InZ (A1, A2, k1,..., kn) = L(A1,A2;
amaxIn (A1, A2; k1, ... kn) ln?éRZ 1, A2; ki)

where
L(hsdoik) = — (€M + %) + (- 2) 5 +Hinly (2Veh i), kez
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Maximum Likelihood estimator

To solve this maximization problem, the gradient and the Hessian, with
respect to A1 and A, of the log-likelihood function, and hence of function
L(A1,A2; k), can easily be computed. Since, for k € Z,

h(@) = & () = Bt @)

(see 9.6.26 page 376 in Abramowitz and Stegun, 1972), we have the fol-
lowing first derivatives for the gradient:

O | Adgk)— eh g Ky Ve g1y (2VeR2) 4l (2V/eR TR ]
1,A2; = —e"t 4+ =+
oM 2 2 " (2\/(91174%2)
d L (A lg'k):—e’b—ﬁ-i-\/m hik-1| (2m)+l‘k‘+1 (2@)
81«2 ? ! 2 2 I‘k‘ (2@)
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Maximum Likelihood estimator

For the Hessian, let’s first calculate the cross derivatives:

9/118/1 (}”17’12 ) = 3;123;11 (Alalz )

Mt 4 Mt IW*2I (2W>+I\k\+2 (2\/m) -
-2 N Iy (2Ver )
Vehith ’Hk\—l\<2\/m)+/‘k‘+l(2\/m)
i N Iy (2Ver )
_’Hk\—u(%/m)ﬂkm (2@)
X {1 —Vehth P (2@)

The second derivatives are given by

Tl (a2 k) = =M + 5251 (A, A2 k)

T2l 20ik) = —e® + 525 L (0, 22: k)

10/28



Maximum Likelihood estimator

In the context of Skellam regression, the parameters A; and A, of the
two independent Poisson distributions are expressed as linear functions of p
covariates Xi,...,Xp. That is to say that, for i=1,...,n,

. ) ki
Pr{Y,- = ki} = e_(e’11:+el2') (ell"ikz') 2 I\k,-| (2 ehi-%—kzi)

where A;; = x,T[3 and Ay; = x,-T}/, with x; = (1, x1,. ..,x,-p)T. We have here
to estimate two (p+ 1)-vectors of parameters (8 and y) by solving the
maximization problem

n

max Z L(B,7; ki,xi)

B,yeRP+1 i3

where, for i=1,...,n

LB ki) = — (70 +.7) 1 (xT B —xT7) % 4in, <2W>

The first and second derivatives presented above have to be modified and
multiplied respectively by x/ for the gradient and x;x; for the second

and cross derivatives.
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Stata: Verardi and Vermandele (2024)

skellamreg depvar (indepvarsl) (indepvars2) [if] [in] , [options]

options Description
robust compute robust standard errors of the estimated parameters.
cluster(varname) compute cluster-corrected standard errors of the estimated parameters.
nolog do not show iteration logs
noconstant fit a model without constant.[1]
stub(string) provide a stub for the dependent variable.[2]
technique(string) change optimization technique. See [M-5] optimize##i_technique.[3]
nodofcorrection do not correct for the degrees of freedom
level(cilevel) set the confidence level

robust and cluster() options should be used with caution as the model is non-linear

Note: If only one set of explanatory variables is declared without parenthe-
ses, explanatory variables are assumed to be the same for the two underlying
Poisson equations. If no explanatory variable is declared, only a constant is
considered among regressors (which brings to the unconditional estimation
of rate parameters). See help file for further explanations.
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Simulations

To illustrate how a simple Stata/Mata code can be used to estimate the
parameters of the Skellam distribution, we first generate n = 1000 obser-
vations from a random variable Y defined as the difference (Y; — Y2) of
two independent Poisson-distributed variables, Y; ~ 2 (u; =€) and
Yo ~ P ([.12 = e’b).

To have an idea of the performance of the estimator, we run some Monte
Carlo simulations by simply replicating B=1000 times this setup. We
take 41 =1.3 and 1, =0.7

; 13 | 07
avo{X;b-’} 1.2082 | 0.6950

sd AP} [ 0.0376 | 0.0657
avo{s;.e.(iﬁ"?')} 0.0375 | 0.0667
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Simulations

In a second setup, we change the data generating process and make A; and
A> dependent on an explanatory variable X. We use a standard normal

distribution to generate n = 1000 observations x;.

We then generate n = 1000 observations y;; from a Poisson distribution
with mean e*! where 1j; = Bo+ B1xi =0+1.3x;, and n= 1000 observations
yi» from a Poisson distribution with mean e*2 where Ajp = Yo+ nx =

0+0.7X,'.

Finally, we determine the observations y;

=yn—ypfori=1,...,n

As before, we run some Monte Carlo simulations by simply replicating
B=1000 times this setup.

7 0 T 7 0 T

Be 0 13 0 0 0.7
fuo{§ } —0.0040 | 1.3012 m{rgfﬂ} —0.0050 | 0.6977

{5 } 0.0567 | 0.0342 S.d.{%éb]} 0.0573 | 0.0652
m{ (") } 0.0575 | 0.0353 d\o{ e(f,-;b?’)} 0.0587 | 0.0652
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Synthetic data example |

clear

program drop _all

set obs 250

gen x=rnormal(2,1)

gen yl=rpoisson(exp(0.6*x))
gen y2=rpoisson(exp(0.4*x))

gen y=yl-y2

skellamreg y x*, nolog

test [y count _1]:x=[y count 2]:x=0
margins, dydx(*)

predict yhat, ndiff

predict yhatpl, nl

predict yhatp2, n2
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Synthetic data example |
. skellamreg y x*, nolog

Number of obs = 250
y | Coefficient Std. err. z P>|z| [95% conf. interval]

y_count_1
X .6389506 .0752313 8.49 0.000 .4915 .7864012
_cons .0055461 .1840548 0.03 0.976 -.3551947 .3662868

y_count_2
X .5019903 .1104102 4.55 0.000 .2855903 .7183902
_cons -.0193426 +2392158 -0.08 0.936 -.4881969 .4495117

. test [y_count_1]:x=[y_count_2]:x=0

(1) [y_count_1]x - [y_count_2]x = ©
( 2) [y_count_

chi2(
Prob >

1]x = 0

2) =
chi2 =

93.54
0.0000
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Synthetic data example |

. margins, dydx(*)
Average marginal effects Number of obs = 250

Expression: predict()
dy/dx wrt: x

Delta-method
dy/dx  std. err. z P>|z| [95% conf. interval]

X 1.256896 .207978 6.04 0.000 .8492665 1.664525
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Synthetic data example Il

set obs 1000

set seed 1234

gen T=uniform()>0.5

gen x=rnormal(2,1)

gen yl=rpoisson(exp(©.5*x))

gen y2=rpoisson(exp(0.5*x+T))

gen dy=yl-y2

skellamreg dy x T

margins, at(T=0) at(T=1) contrast(at(r) nowald)
margins, dydx(x) predict(nl) at(T=0)
margins, dydx(x) predict(n2) at(T=0)
margins, dydx(x) at(T=90)
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Synthetic data example Il

. skellamreg dy x T
f(p) = -5873.3404

Iteration 0@:

Iteration 1: f(p) = -2662.7557
Iteration 2: f(p) = -2432.5048
Iteration 3: f(p) = -2431.8021
Iteration 4: f(p) = -2406.7405
Iteration 5: f(p) = -2403.3822
Iteration 6: f(p) = -2403.1277
Iteration 7: f(p) = -2403.1273
Iteration 8: f(p) = -2403.1273
Number of obs = 1000
dy | Coefficient Std. err. z P>|z| [95% conf. intervall
dy_count_1
X .4836783 .0447879 10.80 0.000 .3958956 .571461
T -.2669861 .1531178 -1.74 0.081 -.5670915 .0331192
_cons .0809609 .1185077 0.68 0.494 -.1513099 .3132316
dy_count_2
X .4975361 .0235597 21.12 0.000 .4513599 .5437122
T .9563405 .0815153 11.73 0.000 .7965735 1.116107
_cons .010138 .083723 0.12 0.904 -.1539561 .1742321
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Synthetic data example Il

. margins, at(T=0) at(T=1) contrast(at(r) nowald)

Contrasts of predictive margins

Expression: predict()

Number of obs = 1,000

1. _at: T =
2. _at: T =1
Delta-method
Contrast  std. err. [95% conf. interval]
_at
(2 vs 1) -5.6799 .1838018 -6.040145 -5.319655
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Synthetic data example Il

. margins, dydx(x) predict(nl) at(T=0)
Average marginal effects
Expression: predict(nl)

dy/dx wrt: x
At: T=0

Number of obs = 1,000

Delta-method

dy/dx  std. err. z P>|z| [95% conf. interval]
X 1.544134 .1918626 8.05 0.000 1.16809 1.920178
. margins, dydx(x) predict(n2) at(T=0)
Average marginal effects Number of obs = 1,000
Expression: predict(n2)
dy/dx wrt: x
At: T=10
Delta-method
dy/dx  std. err. z P>|z]| [95% conf. interval]
X 1.531544 .1380188 11.10 ©.000 1.261032 1.802056
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Synthetic data example Il

. margins, dydx(x) at(T=0)
Average marginal effects
Expression: predict()

dy/dx wrt: x
At: T =0

Number of obs = 1,000

Delta-method
dy/dx  std. err. z P>|z|

[95% conf. interval]

X .0125902 .1151316 0.11 0.913

-.2130636

.238244
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Football example

This case study examines how the day of the week a match is played may
affect the dynamics of goal scoring in association football (soccer).

We use information from the English Football Premier League’'s from
the season 2007-2008 to the season 2021-2022. All data come from
https://www.footballdata.co.uk.

The dependent variable (dftg) that we calculate corresponds, for each
match, to the difference between the number of goals scored by the home
team (fthg) and the number of goals scored by the visiting team (ftag).

Bet365 odds are incorporated in the regression model and serve as an indi-

rect measure for taking into account the comparative strength of teams
in the game

See Karlis and Ntzoufras (2008) for details on goal modelling in football.
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Football example

skellamreg dftg b365h b365d b365a i.day i.t, stub(ftg.)

Goals
Home Away
B365H -0.206** 0.0168
(-10.13)  (0.82)
B365D 0.0861%** 0.0763
@7 (133)
B365A -0.00444  -D.129***
(-0.42)  (-6.02)
Monday -0.0645 -0.166%
(-0.87)  (-L.68)
Tuesday -0.0372 -0.0926
(-0.50)  (-0.98)
Wednesday -0.129** -0.0788
(-2.07)  (-1.02)
Thursday -0.248* -0.0939
(-1.85)  (-0.62)
Friday -0.0748 0.116
(-0.53) (0.80)
Saturday -0.0839** 0.0113
(-2.17) (0.24)
Observations 6080
Psendo-R? 0.0702
Log-likelihood -11491.6

t statistics in parentheses

Time dummies coefficients not reported

“ p < 0.10

p < 0.05, *** p < 0.01
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